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1 Limity bez I’Hospitalova pravidla
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. arctgx
Vypoctéte lim
yp xl~>1 X+ 1 ]

arctg x
m—2=
x—1 X +1
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. arctgx
Vypoctéte lim
yp xl~>1 X+ 1 ]

- arctgx _ arctg 1
x=1 x+1 1+1

e Dosadime x = 1.

e Jedna se o dobre definovany vyraz. Funkce je tedy spojitd v bodé
x =1 a funkéni hodnota je rovna hodnoté limity.
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. arctgx
Vypoctéte lim
yp xl~>1 X+ 1 ]

- arctgx _ arctg 1
x=1 x+1 1+1

_ 4
2
Uréime arctg 1. Musime doplnit schema )
tg(-) = 1.
Redeni je
B¢
tg= =1
9%
a proto arctg1 = T
- ul .
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. arctgx
Vypoctéte lim
yp xl~>1 X+ 1 ]

arctg x arctg 1
im aregx _ g
x—1 X+ 1

+

[e<J = STENEINEN

Zjednodusime. Hotovo.

|
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arct
Vypoctéte lim 9x ]

x——1 X+ 1
lim arctg x
x——1 X+ 1
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. arctgx
Vypoctéte lim
yp xi>71 X+ 1 ]

arctgx _ arctg(—1)

o T T 11

[ Dosadime . ..

J
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. arctgx
Vypoctéte lim
yp xi>71 X+ 1 ]

. arctgx  arctg(—1)  —7
im = =—
x——1 x+1 —1 41 0
...a upravime. ]‘
(©Robert Mafik, 2006 B4
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. arctgx
Vypoctéte lim
yp xi>71 X+ 1 ]

z

lim arctgx _ arctg(=1) _ —3

-1 x+1 =141 0
im arctg x

x——1* X+1

nenulovy vyraz

e Funkce je typu
nula

e Musime proto studovat nejprve jednostranné limity. Zaéneme s
limitou zprava.

[ <] ©Robert Matik, 2006 Ed



arctg x]

V Ctéte i
ypotiéte im, S2%
. arctgx  arctg(—1)  —7
im = =—
x—=—1 x+1 —14+1 0
_x
im arctg x _ "7
x——1+t x4+ 1 0
Dosadili jsme x = —1. ]‘
(©Robert Mafik, 2006 B4
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arct
Vypoctéte lim 9x ]

x——1 X +1
lim arctgx _ arctg(—1) _ -3
x——1 x+1 —1+1 0

e Musime urcit znaménko jmenovatele.

e Je-li x napravo od —1, pak x > —1 a plati x +1 > 0.

e Jmenovatel je kladny.
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arctg x]

Vypoctéte Llim
yp xi>71 X+ 1
. arctgx  arctg(—1)  —7
im = =—
x——1 x+1 —1 41 0
arct =4
im 9X _ T3 _
x——1*+ x +1 +0
Limita zprava je —oo. ]‘
(©Robert Mafik, 2006 B4
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. arctgx
Vypoctéte lim
yp xi>71 X+ 1 ]

z

arctgx  arctg(—1) —

Li = =12
o x+1 . —1+1 0
_xz
im arctg x S SN
x——1*+ x +1 +0
. arctgx  —7%
L =—
X~>l£n1* X +1 0
Zkoumejme limitu zleva. ]‘
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arct
Vypoctéte lim 9x ]

x——1 X +1
lim arctgx _ arctg(—1) _ -3
x—»—1 x+1 —1+1 0
_x
im arctg x S SN
x——1t X +1 +0
. arctgx  —7%
L =—
X~>l£n1* X +1 -0

e Je-li x nalevo od &isla —1, pak x < —1.

e Proto x +1 < 0 a jmenovatel je zaporny.
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arct
Vypoctéte lim 9x ]

x——1 X+1

lim arctgx _ arctg(—1) _ -3

x——1 X + 1 —1 + 1 0
_xz

im arctg x N N
x——1*+ x +1 +0

lim arctgx j o
x—»—1- x +1 o -0 -

Limita je 400 ]‘
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. arctgx
Vypoctéte lim
yp xi>71 X+ 1 ]

z

arctgx  arctg(—1) —

lim = =12
x——1 x +1 —14+1 0
arctgx —3%
im 9X _ T3 _
x——1t X +1 +0
arctgx  —7%
lim 9x _ "3 _ 400
x——1" X +1 —0
.. . arctgx L
Oboustranna limita llm1 neexistuje.
X——
Obé jednostranné limity jsou riizné a oboustrannd limita tedy I
neexistuje. Hotovo! ‘
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. arctgx
Vypoctéte lim ———
yp o X1
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. arctgx
Vypoctéte lim
yp m P ]

L
arctg x -5

im
x——o0 X+ 1

4 )

e Urcime limitu Citatele a jmenovatele samostatné.

e lim arctgx mize byt uréena z grafu funkce y = arctgx.
X—>—0Q

) B¢
e Funkce y = arctgx ma vodorovnou asymptotu y = —5 vV —%0.

T . s
Hodnota limity Citatele je -5

- .

[ <] ©Robert Matik, 2006 Ed




. arctgx |
Vypoctéte lim
yp M~ ]

arct =&

im 9% _ T2

X——00 X -|— 1 —
Limita jmenovatele je —o0 + 1 = —o0. ]‘

B B ©Robert Matik, 2006 Ed



. arctgx
Vypoctéte lim ———
yp o X1

lim m:__gzo
x——00 X + 1 —00

Konecna hodnota délena nekonecnem je rovna nule. Vyreseno!

|
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Vypot&téte lim e*Xarcth]“
X—=00
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Vypoctéte lim e™ arctgx]“
x—+00

lim e ™ arctgx

X—0Q

Zac¢neme s limitou v +00

|
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Vypot&téte lim e*Xarcth]‘
X—=00

lim e arctgx = e

X—0Q

4 )
e Urcéime zvlast limity funkci v soucinu.
e Pokud dostaneme néco jiného nez neurcity vyraz Ooco, stane se
problém trividlnim.
e Dosadime. Vyrazem e~ mame na mysli limitu lim e*.
X—>—0Q
-
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Vypoctéte lim e™ arctgx]“
X—=00

lim e ™™ arctgx = e"* arctg oo

X—0Q

e Dosadime do druhé funkce.

e Vyrazem arctgoo mame na mysli limitu lim arctg x.
X—0Q
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Vypot&téte lim e*Xarcth]“
X—=00

7
lim e ™arctgx = e"* arctgoo = 0=
X—0Q 2

(Zkouménim graft funkci y = e* a y = arctg x zjistime, ze )
lim =0
X—>—0Q
a
lim arctgx = =
Jlim arctgx = .
S
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Vypoctéte lim e™ arctgx]“
X—=00

m
lim e ™ arctgx = e"* arctgoo =0= =0
X—0Q 2

Soucin je nula. ]‘
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Vypoctéte lim e™ arctgx]“
X—=00

T

lim e ™ arctgx = e"* arctgoo =0= =0
X—0Q 2
lim e*arctgx =
X—>—0Q
Pokracujeme s limitou v —oo. ]‘
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Vypot&téte lim e*Xarcth]‘
X

li
—+00

m
lim e ™arctgx = e"* arctgoo = 0=
X—0Q 2

=0

lim e ™*arctgx = e®

X—>—0Q

4 )
e Opét urcime limity funkci, stojicich v soucinu.
e A opét nesmime dostat Oco, jinak bude Gloha obtizna.
e Dosadime. Protoze plati —(—o0) = oo, dostavame z prvniho sou-
initele vyraz €. Tim mame na mysli limitu lim e*.
X—0Q
o
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Vypoctéte lim e™ arctgx]“
X—=00

m
lim e ™ arctgx = e"* arctgoo =0= =0
X—0Q 2

lim e arctgx = e* arctg(—oo)

X—>—0Q

Dosadime do druhé funkce. Vyrazem arctg(—oo) rozumime limitu
lim arctgx.

X—>—0Q
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Vypot&téte lim e*Xarcth]“
X—=00

m
lim e ™ arctgx = e"* arctgoo =0= =0

X—0Q 2
lim e arctgx = e* arctg(—oo) = oo(_g)
(7 graft funkci y = e* a y = arctgx plyne )
lim e = oo
a
lim arctgx = — =
Jim arctgx = —>.
\Hotovo! y
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Vypoctéte lim e™ arctgx]“
X—=00

m
lim e ™ arctgx = e"* arctgoo =0= =0

X—00 2
lim e arctgx = e* arctg(—oo) = Oo(_f) = —00
X——00 2
Soucin je roven —oo. ]‘
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X—

Vypottéte lim (x* +2:¢ — 4)]
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X—>

Vypottéte lim (x* +2:¢ — 4)]

lim (x> + 2x> —4) = 00> + 200> — 4

X—0Q

e Zaéneme s limitou v +o00. Dosadime.

|
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X—>

Vypottéte lim (x* +2:¢ — 4)]

lim (x> +2x° —4) = 00> + 200> —4 =00 + 00 — 4

X—0Q
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X—>

Vypottéte lim (x* +2:¢ — 4)]

lim (x> +2x> —4) =00’ + 200’ —4 =00+ 00 —4 =00

X—0Q

00 +00—4 =00
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X—

Vypottéte lim (x* +2:¢ — 4)]

lim (x> +2x> —4) = 00’ + 200’ —4 =00+ 00 —4 =00

X—0Q

lim (x> +2x* —4)
X——00

Pokracujeme s limitou v —oo. ]‘
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X—>

Vypottéte lim (x* +2:¢ — 4)]

lim (x> +2x> —4) = 00’ + 200’ —4 =00+ 00 —4 =00

X—0Q

lim (3 4+ 2x* — 4) = (—0)® + 2(—0)* — 4
X——00

[ Dosadime. ]\
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X—

Vypottéte lim (x* +2:¢ — 4)]

lim (x> +2x* —4) = 00> + 200> —4 =00+ 00 — 4 = 0

lim (3 4+ 2x* — 4) = (—o0)® + 2(—0)* — 4
X——00

=—00+o00—4

(—00) X (—00) X (—00) = —00 2(—00)(—00) = o0

Problém! Mame neurcity vyraz —oo + 0.
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Vypottéte lim (x* +2:¢ — 4)]

X—

lim (x> +2x* —4) = 00> + 200> —4 =00+ 00 — 4 = 0

X—0Q

lim (x> 4+ 2x* — 4) = (—o0)?
X—>—0Q

4 )

e 7 teorie vime, jak tento problém vyfresit.

e Lze ukdzat, Ze na vysledek ma vliv jenom vedouci koeficient.
Ostatni koeficienty tedy vynechdame.

e Limita vedouciho ¢lene je —oco.

-
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X—

Vypottéte lim (x* +2:¢ — 4)]

lim (x> +2x> —4) = 00’ + 200’ —4 =00+ 00 —4 =00

lim (x> 4+ 2x* — 4) = (—o0)?
X——00
= —00
=—0
[ Hotovo! ]\
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3 43x2+1

lim X+ 3x2+1

Zac¢neme s limitou v +o0.

|

B OB |
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3 43x2+1

lim X +3x2+1 _

8183

e Limita Citatele i jmenovatele je +o0.

e A hrome! Dostavame neurcity vyraz.
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34 3x2 41

X +3x2 41 00
lim ————— =| =
X—0Q 2)(2_3 o
X
= 2

e 7 teorie vime, ze limita se da urdit snadno — jenom z vedoucich
¢lend Citatele a jmenovatele.

e Vynechame tedy vSechno ostatni.
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3 2
Vypoctéte liT M]

X—+ 2X2—3
X +3x2 41 00
lim —— =| —
x—>o0  2x2—73 (%)
3
. X .
=22 = A2

Upravime

(©Robert Mafik, 2006



3 43x2+1

l X3+ 3x2 +1 00
m ——— = —
X—0Q 2)(2 —_— 3 o
X . X 00
= lim 55 = lim = = —
X—00 LX X—>o<>2 2
[Dosadime X = Q. ]\
(©Robert Mafik, 2006
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3 43x2+1

l X3+ 3x2 +1 00
im ——— =| —
X—0Q 2)(2 — 3 x
X X 00
= lim == lim > =— =00
X—00 LX X—>O<>2 2
Pouzijeme zndma pravidla pro pocitani s nekonec¢nem. ]‘
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34 3x2 41

X +3x2 41 00
lim ———=| —
X—0Q 2)(2—3 o
i X3—l' X 00
= N R E
l x3+3x2+‘|_ —00
X—>—00 2X2—3 o (o.0]

e Pokracujeme s limitou v —o0.

e Dosazenim x = —oo dostdvame opét neurdity vyraz.
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3 43x2 41

X +3x2+1

l =
im ——— =| —
X—0Q 2)(2 — 3 x
= lim ’ —lms=2_
T DB el a
l x> 4 3x2 +1 | —o0
X—>—0Q 2X2 — 3 o o
i 2
= m —
el 2x2
Opét uvazujeme pouze vedouci ¢leny. ]‘
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3 43x2 41
Vypoctéte liT %]

X—x

X +3x2 41 00
lim ———=| —
X—0Q 2)(2 —3 o
i x3 T X 00
= N R E
l X4+ 3x2+1 | —o0
X—>—00 2)(2 —3 x
3
. X .
- x—l}Too 2x2 x—[}Too E
Upravime.

|
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3 43x2+1

X +3x2 41 00
lim ———=| —
X—0Q 2)(2 —_— 3 o
i x3 i X 00
= A R
l X4+ 3x2+1 )
X—>—00 2)(2 —_— 3 a x
im 2= >
LN T LN
Dosadime. ]\
(©Robert Mafik, 2006 B4
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3 43x2 41

l X3+ 3x2 +1 00
im ——— =| —
X—0Q 2)(2 — 3 x
X X 00
= lim o= =lim 5> =— =00
X—00 LX X—>O<>2 2
li X3+ 3x2 +1 —00
im ———— =| —
X—>—0Q 2)(2 — 3 o
l x3 lim X = =%
= lim —= lim = — =—
x——00 2X2  x—>—00 2 2
Pouzijeme zndma pravidla pro pocitani s nekonec¢nem. ]‘
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3 43x2+1

X +3x2 41 00
lim ———=| —
X—0Q 2)(2 —_— 3 o
i x3 i X 00
= A R
l X4+ 3x2+1 )
X—>—00 2)(2 —_— 3 a x
im 2= =
e T 2T T T
Hotovo! ]\
(©Robert Mafik, 2006 B4
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4
Vypoctéte lim D+ +S ]

x—00 3xt — x3 4+ 4x 4+ 1
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o 2 +4x+5

. 2x* +4x +5

lim

x—00 3xt —x3 +4x +1
2+ 4x +5

l
00 3 —x3 4 Ax + 1

Zac¢neme s limitou v +o0.

|

B OB |
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o 2 +4x+5
Vypoltéte X_l}irnoo 3%t — X3 + 4x + 1

. 24 +4x+5
lim =
x—00 3x4 — x3 +4x + 1
. 24 +4x+5
lim
x——00 3x* —x3 +4x +1

813

[Dosadime X = Q. ]\
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2V +4x +5

Vypoctéte x—l}irnoo 3xt—x3 4+ 4x +1 ]

lim 2x* 4 4x+5 —| 2= lim 2—)(4
oo 33Xt —x34+4x+1 |oo| x—o0 3x*
2+ 4x +5

l
00 3 —x3 4 Ax + 1

e Neurdity vyraz.
e Pouzijeme jenom vedouci ¢leny.

e V3echno ostatni Ize zanedbat.
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o 2 +4x+5
Vypoltéte X_l}irnoo 3t — X3+ 4x + 1

lim 2 4 x +5 e —llmz—)(é‘—limg
oo 33Xt —x3+4x+1 | oo| xo03xt x5 3
24 +4x+5

l
00 3 —x3 4 Ax + 1

Upravime
2 _2
3x* 3
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o 2 +4x+5
Vypoltéte X_l}irnoo 3t — X3+ 4x + 1

lim 2"+ 4x+5 - —limE—limg——
XHOO3X4—X3+4X+1_ 00| xo003xF x50 3 3
2+ 4x +5

l
00 3 —x3 4 Ax + 1

Limita konstantni funkce je ta konstanta. ]‘

[ <] ©Robert Matik, 2006 Ed



o 2 +4x+5
Vypoltéte X_l}irnoo 3t — X3+ 4x + 1

lim ikt hid> — = —limz—X“—limg—g
XHOO3X4—X3+4X+1_ 00| xo003xF x5 3 3
lim 2V +4x+5 | oo
oMo 3 — 3 +Ax+1 | oo
Pokracujeme s limitou v —oo. Dosadime x = —c0. ]‘
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4
Vypoctéte lim D+ +S ]

x—00 3xt — x3 4+ 4x 4+ 1

x—>00 3x4 — x3 4+ 4x +1 o0 x—00 3x4 x—00 3 3
lim 2 +4x+5 — &= 2_X4
x——00 3xt — x3 4+ 4x + 1 00 x——00 3x4

e Mame neurdity vyraz.
e Pouzijeme jenom vedouci ¢leny.

e V3echno ostatni zanedbame.
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o 2 +4x+5
Vypoltéte X_l}irnoo 3t — X3+ 4x + 1

lim 2"+ 4x+5 - —limz—X“—limg—g
o0 3xt—x3+4x+1 |oco| xo03xt x—o03 3
. 2+ 4x +5 [ . 2x4 2
lim =|—|= lim =— = -
x——00 3x* — x3 4+ 4x + 1 00 x——00 3x4 x——c0 3

Upravime
2 _2
3x* 3
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o 2 +4x+5
Vypoltéte X_l}irnoo 3t — X3+ 4x + 1

lim ikt hid> — = —limz—X“—limg—g
XHOO3X4—X3+4X+1_ 00| xo003xF x5 3 3
. 2+ 4x +5 [ . 2x4 2 2
Lim = —|= lim =5 = — ==
x——00 3x* — x3 +4x +1 00| xo—03xt  xo-—03 3
Limita konstantni funkce je ta konstanta. ]‘
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o 2 +4x+5
Vypoltéte X_l}irnoo 3t — X3+ 4x + 1

lim 2 4 x +5 e —l'lmz—)(é‘—limg—g
XHOO3X4—X3+4X+1_ 00| xo003xF x5 3 3
. 24 +4x+5 [ X 2 2
Lim =—|= lim =— = — ==
x——00 3x4 — x3 + 4x +1 00| xo—03xt x5-—x3 3
Hotovo! ]\
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Vypoctéte

lim
X—0Q

[2lnx—ln(x2+x+1)].]
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Vypoctéte

lim
X—0Q

[2lnx—ln(x2+x+1)].]

lim [2tnx — ln(x* + x + 1)]

X—00

Prepiseme limitu. ]‘
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Vypoctéte

lim
X—0Q

[2lnx—ln(x2+x+1)].]

lim [2tnx — In(x* + x +1)] =[c0 — o0
X—00
Protoze lim Inx = oo, dostévéme neurtity vjraz m ]\
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Vypoctéte [2 lnx — n(x? +x + 1)]]

lim
X—0Q

lim [2tnx — In(x* + x + 1)] =[c0o— o0

X—00

= lim [ln X2 —In(x* +x + 1]

X—0Q

4 )
e Limity z neurcitych vyrazl ve tvaru zlomku jsou obycejné jedno-
dussi. Napiseme funkci jako zlomek. .

e Nejdfive oba ¢leny napiseme v logaritmickém tvaru.

e Pouzijeme pravidlo .
o
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Vypoctéte

lim
X—0Q

[2[nx—ln(x2+x+1)].]

lim [2lnx — In(x* + x 4+ 1)] =[00 — 00

= lim [ln X2 —lIn(x* +x + 1]
2

= lim n X
T X2 x4 1

Odecteme logaritmy podle pravidla |[lna—lnb = ln % . ]
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Vypoctéte XlLrEO[Z lnx — n(x? +x + 1)]]

lim [2tnx — In(x* + x + 1)] =[c0o— o0

X—00

= lim [ln X2 —lIn(x* +x + 1]

X—0Q

X2 )(2
—limlh——" =t lim
xingonxz+x+1 n(xingoxz-kx-]-‘l)

e Urcime limitu slozené funkce.

e Nejprve prozkoumdame limitu vnitni slozky.
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Vypoctéte

lim
X—0Q

[2[nx—ln(x2+x+1)].]

lim [2lnx — In(x* + x 4+ 1)] =[00 — 00

X—00

= lim [ln X2 —lIn(x* +x + 1]

X—0Q
2 2
X X 00
=limh——=In|lim ——] =|lh—
x—00 X2 4 x+1 x—500 X2 + x + 1 00
Uvnitf mame neurcity vyraz. ]‘
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Vypoctéte

lim
X—0Q

[2[nx—ln(x2+x+1)].]

lim [2lnx — In(x* + x + 1)] =[c0o — 0

X—00

= lim [ln X2 —lIn(x* +x + 1]

X—0Q

Il
=
3
—
=}
)
—
=}
—_—
>
)
N —
Il
—
jun}
818

e Tohle jsme jiz pocitali.

e Uvazujeme jenom vedouci ¢leny.
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Vypoctéte

lim
X—0Q

[2[nx—ln(x2+x+1)].]

lim [2lnx — In(x* + x 4+ 1)] =[00 — 00

X—00

= lim [ln X2 —lIn(x* +x + 1]

X—0Q

2 2
= lim lnxizln limxi = lnE
x—oo X2+ x+1 x=00 X2 4 x + 1 00

2
:ln(lim X—z) —n1

X—00 X

5 \
X . g, -

[Provedeme krdceni ve vyrazu — a pouzijeme zfejmy vztah lim 1 =1. ]
5%

X—0Q
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Vypoctéte

lim
X—0Q

[2[nx—ln(x2+x+1)].]

lim [2lnx — In(x* + x 4+ 1)] =[00 — 00

X—00

= lim [ln X2 —lIn(x* +x + 1]

X—0Q

2 2
= lim lnxizln limxi = lnE
x—oo X2+ x+1 x=00 X2 4 x + 1 00

2
:ln(lim X—z) —1n1=0

X—00 X

([1n1=0] vyeseno! |
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2 Limity na I'Hospitalovo pravidlo
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Y . arcsinx
Vypoctéte lim —
x—0 1T — e

. arcsinx
lim —

x—0 1 —eX
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o . .. arcsinx
Vypoctéte lim —
x—0 1T — e

. arcsinx 0

lim —=| =

x—0 1 —eX 0

Dosadime. ProtoZe arcsin0 = 0 a € = 1, dostavame neur&ity vyraz.
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Vv stéte i arcsin x
oltéte lim ——
yp x—0 1 —eX
l arcsin x 0 |vn.
im—=|=| =
x—0 1 —eX 0
Pouzijeme |'Hospitalovo pravidlo. ]‘
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arcsin x
Vypoctéte le _—
1—er
1
. arcsinx 0|vH. ,. 1—x2
lim —— == | = lim
x—0 1 —eX 0 x—0 —eX

Podle tohoto pravidla plati

__arcsinx . (arcsinx)’
lim = lim ,
x—0 1 —eX x—=0 (1 —eX)

pokud druhd limita existuje (at kone€na nebo nekonednd).
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Y . arcsinx
Vypoctéte lim —
x—0 1T — e
.
. arcsinx 0vrH. . 1—x2
lim —=|=| = lim =—1
x—0 1 —eX 0 x—0 —eX

Dosadime. Dostavame

1

lim 20 =
T T4
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vV st L arcsin x
octéte lim ——
yp x—0 1 — eX
.

. arcsinx 0|vH. .. 1—x2

lim ——=| = | = lim Y—— = -1

x—0 1 —eX 0 x—0 —eX
[Hotovo! ]\
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Vypocététe lim xlnx |
im —-
yp x—00 X2 + x + 1
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Vvpoltéte i xlnx |
octete UM —w————
yp X—00 X2 -|— X + 1

. x lnx
X—L><><>X2+X+1

[Zaéneme.

J

B O BE |
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xlnx
Vypoctéte lim

x—00 X2 + x + 1
x ln x %)
im —— =|—
x—00 X2 4+ x + 1 00

Dosadime. Dostavame
oo lnoo

JE:

(o]

Jedna se o neurdity vyraz.
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n ‘
Vypoctéte lim L]

x—00 X2 + x + 1
x lnx 0o |vH, . lnx+1
im ——=|—| = lim
x—00 X2 + x + 1 o) x—o0 2x + 1
Pouzijeme |'Hospitalovo pravidlo. P¥i derivovani dostavame N
(x Inx)’ . lnx+x%

RCLr e A N oy
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1 :
Vypoctéte lim xinx]

x—00 X2 + x + 1
xlnx oo |y . Inx+1 %)
m ———— =| — | = m — | —
x—00 X2 4+ x + 1 00 x—o0 2x + 1 00

Dosadime. Dostavame
lnoo+1 o0

o (o]
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Vvpoltéte i x lnx ‘
octete uum ————
yp x—00 X2 + x + 1
x ln x 00 | IH. lnx +1
m —— = = m e
X—L><><>X2+X+1 o) X—L>oo 2x +1

Pouzijeme jesté jednou |'Hospitalovo pravidlo.

|

B OB |
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L
Vypoctéte lim xinx]

x—»ooX2+X+1
xlnx oo |y . Inx+1 oo | vH. 1
lim = =|=|= lim =|—|=lim £=0
x—00 X2+ x +1 o0 x—o0 2x + 1 o0 x—00 2

Dosadime. Dostavame
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ou .. o x—sinx |
Vypocltéte lim ————
x=0  sin” x
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ou .. o x—sinx |
Vypocltéte lim ————
x=0  sin” x

. X—sinx
lim —
x=0  sin” x

[Zaéneme danou limitou. ]\
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ou .. o x—sinx |
Vypocltéte lim ————
x=0  sin” x

Dosadime. Dostavame
0—sin0 _ 0
sin’ 0 0
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ou .. o x—sinx |
Vypocltéte lim ————
x=0  sin” x

. x—sinx UH. .. 1 —cosx
x=0  sin’ x x=0 3'sin“ x cos x
4 )
e Uzijeme |'Hospitalovo pravidlo.
e Podle pravidla pro derivaci sloZzené funkce plati
(sin®(x)) = 3sin® x(sin x)’ = 3sin® x cos x.
g
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ou .. o x—sinx |
Vypocltéte lim ————
x=0  sin” x

. x—sinx UH. .. 1 —cosx
le 73 = = llm 27 =
x=0  sin” x x—0 3sin“ x cos x

Dosadime. Protoze | cos0 =1 | a | sin0 = 0|, dostavame stale I ]
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v . x—sinx|
Vypocltéte lim ————
x=0  sin” x

. x—sinx UH. .. 1 —cosx
x=0  sin” x x—0 3sin“ x cos x
UH. . sinx
=" lim

x=0 6 sin x cos2 x — 3sin’ x

UZijeme I'Hospitalovo pravidlo jesté jednou. Ve jmenovateli dostdvame
(3sin’ x X cos x)’ = 3.2sin x cos x cos x 4 3 sin® x(— sin x)

(derivace souéinu a derivace slozené funkce).
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v . x—sinx|
Vypoctéte lim ————
X—

sin® x
. x—sinx UH. .. 1 —cosx
x=0  sin” x x—0 3sin“ x cos x
UH. |. sinx
=" lim =

x=0 6 sin x cos2 x — 3sin’ x

Dosadime. Stéle

B OB |
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v . x—sinx|
Vypocltéte lim ————
x=0  sin” x

. x—sinx UH. .. 1 —cosx
lim ——— = = lim ——s——=
x=0  sin” x x—0 3sin“ x cos x
UH. |. sinx
=" lim =

x=0 6 sin x cos2 x — 3sin’ x

COS X

Iz

im
x=0 6 cos3 x — 6.2. sin” x cos x — 9'sin® x cos x

UZijeme I'Hospitalovo pravidlo jesté jednou.

|

B OB |
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v . x—sinx|
Vypocltéte lim ————
x=0  sin” x

. x—sinx UH. .. 1 —cosx
lim ——— = = lim ——s——=
x=0  sin” x x—0 3sin“ x cos x
UH. |. sinx
=" lim =

x=0 6 sin x cos2 x — 3sin’ x

. COS X 1
) 3x —6.2.5in? — 9sin? 6
x=0 6 cos3 x — 6.2. sin” x cos x — 9 sin” x cos x

I

Dostdvame funkci, kterd je spojitd v x = 0. Skuteéné, dosazenim
dostavame dobre definovany vyraz a mame vysledek.
a
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vy . x—arctgx |
Vypoctéte  lim 739
x—0 X
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x —arctgx |
3

1
l X — arctg x UH. l T— 1+ x2
im ———— = = lim ————
x—0 X3 x—0 3X2

[Vypoc”:téte lim
x—0

Dosadime. Pritom plati | arctg0 = 0| Dostavame neurcity vyraz a

budeme pouzivat I'Hospitalovo pravidlo.
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. x—arctgx |
Vypoctéte lmg)ig
X—

3
. x—arctgx UH. . 1_1+x2
lim ———— = =" lim ——— =
x—0 X x—0 3x
Dosadime a vidime Ze se jedna stale o neurcity vyraz. ]‘
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x3

1
. X—arctgx UH. . 1_14_)(2
llm 73 = = tm — = =
x—0 X x—0 3x

fpr: lim 71
— xo03(14+x?)

x — arctgx |
[Vypoc”:téte ling) 79]
X—

(Je sice mozno jesté jednou aplikovat I'Hospitalovo pravidlo, tato )
moznost vSak vede ke slozitym vypoctim. Proto rad€ji upravime
slozeny zlomek

T N
1+x2 _ 1452 _ X _ 1
3x2 3x2 (1+x2)3x2  3(1+x?)
. y

[ <] ©Robert Matik, 2006 Ed



x —arctgx |
[Vypoc”:téte lim 739]
x—0 X

’ 1
. x—arctgx tH T 1 4+x2
lim ———— = lim ————— =
x—0 x3 x—0 3x2

Dosadime. Funkce je spojitd v bodé x = 0 a limitu tedy uré¢ime pfimo
dosazenim.
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Find  lim xInx. ]

x—0
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x—0

Find  lim xIn x.]

lim x lnx
+

X—>

[We start with the limit and substitute. ]\
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[Find lim xlnx. ]

v lnx
. . — dpr. .
XL”(T)LX lhx ={0 X (—o0) | = Xl_L)r(l)L =N

X

The substitution gives and indeterminate form. We have to write the

function in the limit as a fraction. To do this we write x = - and
X

multiply with logarithm.
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[Find lim xlnx. ]

. apr. . lnx —00
lim xlnx =]0 X (—o0) Zolim == =] —
x—0F x—0t 1 o

X

Now we have indeterminate form for which I' Hospital rule can be used. ]‘
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[Find lim x nx. ]

x—0

. apr. . lnx —00
lim xlnx =]0 X (—o0) Zolim == =] —
x—0F x—0t 1 o

X
1
B im X
X0t 1
%2
We use |I" Hospital rule. ]‘
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[Find lim xlnx. ]

. apr. . lnx —00
lim xlnx =]0 X (—o0) Zolim == =] —
x—0F x—0t 1 o

X
1
. x upr. .
Hoim X lim —x
x—0+ l x—0+
%)
We simplify. The function in the limit is continuous at x = 0. ]‘
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[Find lim xlnx. ]

. apr. . lnx —00
lim xlnx =]0 X (—o0) Zolim == =] —
x—0F x—0t 1 o

X
1
UH. . x upr. .
= lim %X & lim —x =0
x—0+ l x—0F
%)
The limit of continuous function can be evaluated by direct |
substitution.
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[Find lim x nx. ]

x—0

. apr. . lnx —00
lim xlnx =]0 X (—o0) Zolim == =] —
x—0F x—0t 1 o

X
1
Hofim X im —x =0
x—0+ 1 x—0*
%)
The problem is solved. ]‘
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X—0Q

Find lim x2e™* ]
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X—0Q

Find lim xze_xz]

. 2
lim x?e™*
X—0Q

[ We start with the limit. |
B B ©Robert Matik, 2006 Ed




[Find lim x2e™ ]

X—0Q

. s
lim x?e™" =[ 00 x 0]

X—00

Dosadime. More precisely, we evaluate separately the following limits

9 . 2
lim x? and lim e™
X—00 X—00

We obtain an indeterminate form.
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X—0Q

[Find lim x2e™ ]

g 2
. 2 upr. . X

2
X—00 X—00 @

We have to convert the function inside the limit into fraction. We use )
the identity
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X—0Q

[Find lim x2e™ ]

2
. 3 apr. . X o0
lim x?e™ =0 x 0| = lim — =| —
lim lm s
The limit has the form required by the I' Hospital rule. ]‘

B B ©Robert Matik, 2006 Ed



[Find lim x2e™ ]

X—0Q

. 2 pr
lim x’e™ =|oox 0| =
X—0Q

X2

" lim — =
x—o0 @X

818

IE

2
lim X

x—00 2xeX’

We use |I" Hospital rule.

|

B OB |
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[Find lim x2e™ ]

X—0Q
. 32 Gpr. X 00 |UH. .. 2x
lim x“e ::le—z——:le 5
X—00 x—oo eX o x—00 D xeX
apr. . 1
= lim —
x—00 @X
We simplify. ]‘
(©Robert Mafik, 2006
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[Find lim x2e™ ]

X—0Q
. 2 upr. X o | UH. . 2x
lim x“e ::le—z——:le 5
X—00 x—00 @X o0 x—00 2xeX
apr. . 1 1
= lim — = —
x—00 eX o0

Dosadime (in the sense of limits). Hence we evaluate separately the
limit of the numerator and the denominator.
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[Find lim x2e™ ]

X—0Q
. 2 Gpr. X o0 |rH. . 2x
lim x“e ::le—z——:le 5
X—00 x—00 X 00 x—00 2xeX
upr. 1 1
= lim —-w=—=0
x—00 eX o0

We obtain well-defined expression which equals zero. The problem is ]

solved.

B O E |
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Find  lim x(arctgx — g)]
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[Find lim x(arctgx — g)]

lim x (arctgx— z)

X—00 2
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[Find lim x(arctgx — g)]

by

, arctgx — =

. JU o apr. . 2

tin x (arctgx = 5 ) = [0 x 0] tim ———2
X
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[Find lim x(arctgx — g)]

JT

, arctgx — =

. JT Gpr. . 2
i x (arctgx =5 ) =[o0 x O lim fZ

X—>0Q
X
1
UH. . 1 X2
=" lim +
X—00 1
%2
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[Find lim x(arctgx — g)]

T
arctgx — =

. z _ dpr. 2

Xlin;)x(arctgx— 2) — lim — _

X—0Q
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[Find lim x(arctgx — z)]

2
arctg i
X — —
i _T\ = pr- 14 2 _
ti (oo 3 ) = [om0) 2 p T2 -8
X
v 14+ x apr —x? —00
=" lim = = lim = —
X—00 1 x—o0 1 +X2 o
X
2
X
= lim ——
xm00 X2
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[Find lim x(arctgx — g)]

X—0Q

by

, arctgx — =

. JT Gpr. . 2
lim x(arctgx—z) : = X[Ln;)f :

IS
X'_.
£
j‘i

XN

[

IS
X'_.
E
+
> XN
N

|

[
813

|
—
=
3
|
|
—_—
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Dékuji za pozornost, to je vse.
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